Abstract. Extremal coefficient properties of Pick functions are proved. Even coefficients of analytic univalent functions f with |f (z)| < M , |z| < 1, are bounded by the corresponding coefficients of the Pick functions for large M . This proves a conjecture of Jakubowski. Moreover, it is shown that the Pick functions are not extremal for a similar problem for odd coefficients.
are called Pick functions. Let
p n,M z n , 1 < M ≤ ∞ , p n,∞ = n . T , a 1 (t) ≡ 1, and u = u(t) is a real control. Optimal controls satisfy the Pontryagin maximum principle. They maximize the Hamilton function
while the conjugate vector ψ = (ψ 1 , . . . , ψ n ) T of complex-valued Lagrange multipliers satisfies the conjugate Hamilton system
The vector (ψ 2 (log M ), . . . , ψ n (log M )) is orthogonal to the boundary hypersurface ∂V M n of V M n . More precisely, it is orthogonal to a tangent plane or to a certain support plane if they exist. If Re a n attains its maximum at any point x ∈ ∂V M n , then there exists ψ such that (ψ 2 (log M ), . . . , ψ n (log M )) = (0, . . . , 0, 1) at this point.
Points of ∂V M n are obtained from boundary extremal functions f , f (z) = M w(z, log M ), where w(z, t) are solutions of the Cauchy problem for Loewner's differential equation
with optimal controls u = u(t). Differentiating (5) with respect to z, we obtain a differential equation for w (z, t), from which we deduce differential equations for the coefficient system b(t) = {b 0 (t), . . . , b n−1 (t)} of the function f (z)/(e t w (z, t)). The system for b(t) coincides with (4) with
The initial value at t = 0 yields that ξ = (ξ 1 , (n − 1)a n−1 , . . . , 2a 2 , 1) T .
2. Now we are able to prove the theorem for odd coefficients of f ∈ S M . 
Put n = 2m + 1 and write the Hamilton function at t = 0,
and this derivative vanishes at u = π. Moreover,
Evidently this derivative vanishes if M = ∞. It must be non-positive for finite M if u ≡ π satisfies Pontryagin's maximum principle. Let us examine how this derivative depends on M . Write
Every coefficient p j,M can be found from (3). It is the jth coordinate of the
Then by elementary calculations we find from (3) that
One can verify that (1/12)(j + 1)(j + 2) 2 (j + 3) is the jth coefficient of the function (1 − z)
, and it is positive. Hence h(M ) is decreasing for sufficiently large M . Since h(∞) = 0, we conclude that h(M ) > 0 for large M .
The last result contradicts the maximizing property of the control u = π. This proves Theorem 1.
3. Now we are going to investigate the extremal properties of even coefficients of Pick functions. M for sufficiently large M . By Section 1, it is sufficient to show that only P M 0 gives a local maximum for Re a n in X M . Again we have (ψ 2 (log M ), . . . , ψ n (log M )) = (0, . . . , 0, 1) at a point x ∈ ∂V M n where Re a n attains its maximum. If x comes from a function f ∈ S M with expansion (1), then we need the initial value (ξ 2 , . . . , ξ n ) = ((n − 1)a n−1 , . . . , 2a 2 , 1) in (4).
Put n = 2m,
By elementary calculations we find that
It is easy to verify that the right-hand side of this equality is negative on [0, 2π], except for u = π, where it vanishes. Thus
with equality only for u = π. Moreover,
This is the (2m − 2)th coefficient of −2(1 − z 2 ) −2 , and it is negative.
The sign of this derivative and the inequality (7) are preserved for close points ξ. Let ξ = (ξ 1 , . . . , ξ n )
T be an arbitrary point in a neighbourhood of ξ 0 , with ξ 2 , . . . , ξ n real. Then according to the continuity principle H(0, a 0 , ξ, u) attains its maximum on [0, 2π] at the single point u = π. We can choose (ξ 2 , . . . , ξ n ) = ((n − 1)p n−1,M , . . . , 2p 2,M , 1) for sufficiently large M . The control u = π satisfies Pontryagin's maximum principle for t > 0 in a certain neighbourhood of the initial value t = 0, and the corresponding solution w(z, t) of Loewner's differential equation (5) has real coefficients. Hence u = π is optimal on the whole half-axis [0, ∞) (see e.g. [6] , [7] ). This gives the Pick function P M 0 . So P M 0 satisfies the necessary conditions for maximum of Re a n .
It remains to show that the necessary conditions for an extremum hold at a unique point in X M .
Let us consider the point a = (1, 2, . . . , n)
and its neighbourhood Q a , Q a ⊂ ∂V n . Points of Q a appear as the phase space projections of solutions of the Cauchy problem for the Hamilton system (3), (4) . The neighbourhood Q a corresponds to a neighbourhood Q ξ of the initial value Λ = (ξ 2 , . . . , ξ n ) = ((n − 1) 2 , . . . , 1) in (4). This correspondence is not one-to-one. All points ξ * ∈ Q ξ with real coordinates ξ * 2 , . . . , ξ * n are mapped to the point a. The correspondence between the conjugate vector and the initial value is one-to-one in Q ξ . This means that the hypersurface ∂V n does not have any tangent hyperplane at a. It has support hyperplanes there. The initial value Λ selects the support hyperplane Π with normal vector (0, . . . , 0, 1). But Π and ∂V n may be tangent along some directions in the imaginary parts of coordinates of the phase vector, i.e. along the directions of the imaginary parts of ξ 2 , . . . , ξ n . We will show that this is at most first order tangency.
